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For the mathematical model of a three-sector economic cluster, the problem of optimal control
with fixed ends of trajectories is considered. An algorithm for solving the optimal control
problem for a system with a quadratic functional is proposed. Control is defined on the basis of
the principle of feedback. The problem is solved using the Lagrange multipliers of a special form,
which makes it possible to find a synthesizing control. The problem of optimal stabilization for a
class of nonlinear systems with coefficients that depend on the state of the control object is
considered. The results obtained for nonlinear systems are used in the construction of control
parameters for a three-sector economic cluster on an infinite time interval.
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1. Introduction

The problem of optimal control for dynamical systems can be formulated as the
problem of finding program control or constructing a synthesizing control that
depends on the state of the system and the current time. In the first case, the problem
can be solved using the Pontryagin®? maximum principle. In the general case, the
Pontryagin maximum principle gives the necessary conditions for optimality and
allows one to obtain program control, depending on the current time. In the second
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case, Bellman’s® dynamic programming method or Krotov* sufficient optimality
conditions can be used.

In practice, there is a large number of optimal control problems (OCPs) for
economic systems that are nonlinear systems with coefficients that depend on the
state of the control object. In economic systems, it is required to achieve a certain
level of economic development on a given planning horizon.

A three-sector (i.e. materials, labor resources, and production assets) economic
model and the necessary conditions for an optimal balanced growth of the economy
are given in Kolemaev.? Various aspects of the analysis of economic growth with the
development of deterministic and stochastic three-sector dynamical models of open
and closed types are presented in the works of Dzhusupov et al.,° De,” Dobrescu
et al.,® Zhang,” Zhou and Xue,'” Sen.!!

The fundamental work of Aseev et al.'?

provides the foundations of the mathe-
matical theory of optimal control of dynamical systems on an infinite interval using
the Pontryagin maximum principle. As an example, a two-sector model of optimal
economic growth with a random price jump is considered.

The paper of Shnurkov and Zasypko'® studies the OCP for a dynamic three-sector
model of the economy on the basis of the maximum principle. The OCP considered
by them is a problem with free right ends of trajectories with scalar control, repre-
senting specific investments in the fund-creating sector of the economy. Note that in
this paper a frequent case is considered, when the investment changes only in the
fund-creating sector.

In contrast to the above works, we consider the OCP with fixed ends of trajec-
tories, in a finite time interval. In this paper, we propose to use an approach based on
sufficient optimality conditions using Lagrange multipliers of a special type, which
allows us to represent the desired control in the form of synthesizing control,
depending on the state of the system and the current time. In addition, this method
makes it possible to take into account the existing restrictions on the values of
controls. It should also be emphasized that this study considers the setting of the
OCP for a three-sector economic model of a cluster in which the shares of labor and
investment resources for all three sectors of the economy can simultaneously change.

Note that the peculiarity of the OCP considered in this paper is that the tra-
jectories of the system must pass through given points at the initial and final instants
of time (i.e. the left and right ends of the trajectories are fixed). The problem is
considered on a finite time interval, there are restrictions on the values of controls,
the task of constructing a synthesizing control is posed. In the work of Aipanov and
Murzabekov,* the method of Lagrange multipliers is used to solve this problem, with
the use of multipliers of a special form, which allows to obtain optimal control in the
form of a control sum with feedback and program control.

The proposed approach is used to solve the problem of optimal distribution of
investment and labor resources in a three-sector economic model of a cluster.

In control theory, much attention is paid to the problem of stability studies in
nonlinear systems and to the problem of stabilizing nonlinear control systems.
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Recently, new control algorithms for nonlinear systems have appeared, based on the
use of Riccati equations with coefficients that depend on the state of the system. The
ambiguity of the representation of a nonlinear system in the form of a system of
linear structure and the absence of sufficiently universal algorithms for solving the
Riccati equation whose parameters also depend on the state give rise to many pos-
sible suboptimal solutions. Due to the fact that there are many different types of
nonlinearities in technical and economic systems, different approaches to con-
structing feedback control laws that are rational with respect to a given quality
criterion arise (Afanas’ev'” and Dmitriev'®).

In practice, there is a large number of optimal control tasks for economic systems
that are nonlinear systems with coefficients that depend on the state of the control
object. In this paper, in contrast to the paper by Murzabekov et al.,'” Sec. 3 is
supplemented. The problem of optimal stabilization for a class of nonlinear systems
with coefficients that depend on the state of the control object is considered. It is
proposed to use an approach based on sufficient optimality conditions, which allows
us to represent the desired control in the form of a stabilizing control, depending on
the state of the nonlinear system and the current time. In addition, this
method makes it possible to take into account the existing restrictions on the
values of controls. The results obtained for nonlinear systems are used in the con-
struction of control parameters for a three-sector economic cluster on an infinite time
interval.

2. Statement of the OCP for a Three-Sector Economic
Model of a Cluster

Consider a three-sector economic model of a cluster, described by a system of six
differential and algebraic equations (Kolemaev®)
fii = — Ak, +%x17 E(0) =k, N >0 (i=0,1,2);
i

' (1)

as well as three balance conditions:

80+81+52:15 SiZO (2207172)7 (2)
Op+6,+60,=1, 6,>0 (i:0,1,2), (3)
(1= Bo)xg = B2y + Boxy, B; >0 (i=0,1,2). (4)

Here, the state of the system is described by the vector (kq, ki, ks) and (sg, s,
59,00, 01,0,) is the vector of control. The initial state of the system is (kJ, kY, k9),
where k! = k;(0) the capital-labor ratios of ith sector (i = 0 material, i = 1 creation
of funds, and ¢ = 2 production) at t = 0. We will consider the problem of transferring
the system to the state (k{, k7, k3) for the interval [ty, T]. As the desired final state
(k§, kY, k35), we choose the equilibrium state of the system, which is determined by
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equating the right-hand sides of the differential equations (1) to zero, i.e.

s 809151(75?)(}‘ s <51b1)11"l s 829151(/@)(}1
ky=—-——"—, ki=|(— , ky=——7—-—"—. 5
0 M0 1 M 2 PWR (5)

The values of capital-labor ratios k7, (¢ = 0, 1,2) in the steady state (5) depend on

1.'% determined the values

the controls (sy, $1, S, 0, 01, 05), for which Murzabekov et a
of (sg,s5,55,00,07,03), solving the nonlinear programming in problem to maximize
the specific consumption: x5 — max.

In the state (k{, k7, k3) (5), the right-hand sides of the differential equations (1)
vanish, which means the constant in time of the values of capital-labor ratios
k$, (i =0,1,2) are constant in the equilibrium state.

Using three balance relations (2)—(4), a problem with six controls (sg, s1, S9, 0,
61, 05) can be reduced to a task with three controls, denoted later through (s;,0;,v,),

using the controls
so="uvs(l —s1), s =(1—wy)(l—s1).

We write the system of differential equations (1) in deviations with respect to the
equilibrium state of the system using the following notation:

v =ko— ki, =k — ki, y3=ky— k3,
Uy =8 — 81, Uy =1vy—v3, uz=~0 —07, (6)
i = fiy,w), yilte) =y (1=0,1,2),

where y = (y1, 2, y3)* denotes the state vector of the object, u = (uy, uy, uz)* denotes
the control vector. Linearizing the system (6), we obtain a vector differential equa-
tion of the form

y(t) = Ay(t) + Bu(t)7 te [tO’ T]7 (7)

where the elements of the matrices A = ||a;;|5x3 and B = ||b;;||3x3 are determined by
the formulas

oFf af;
fz(ya u) : bij :% (’L,] = 1,2,3), (8)
J

y;
with y = (0,0,0)* and u = (0,0,0)*.

It should be noted that the controllability criteria for nonlinear systems of the
form (6) were obtained in the works of Klamka,"
the works of Klamka.?’ The system (7) is controllable, i.e. matrices and satisfy the
controllability criterion defined in the works of Klamka.'?

The initial and final states of the system are given as

y(to) = vo, y(T)=0. 9)

Note that the desired final state of the system y(7') = 0 is an equilibrium state in
which the specific consumption is maximized and a balanced growth of the sectors of
the economy is ensured.

ij

and for discrete systems in
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The control vector components u = (u;, uy, u3)* satisfy two-way constraints of
the following type:

78'{§u1§178i, 7U§§U2§17’U;, 70?§U3§179i, (10)
which are derived from the source constraints 0 < s7 <1,0<v3<1,0<67] <1.
We consider the OCP: it is required to find the control u(t), which takes the

system (7) from the given initial state y(¢,) = yq to the equilibrium state y(7") = 0 for
the interval [ty, T], while minimizing the target functional

1 T
J(u) 25/, {y"(H)Qu(t) + u*(t) Ru(t)} dt, (11)

where Q and R are positive semidefinite and positive definite (3 x 3)-matrices,
respectively.

Thus, we obtain the so-called LQ-problem (linear-quadratic OCP) (7)—(11), in
which the ends of the trajectories of the system are fixed: y(ty) = yo, y(T) = 0, i.e. it
is required to ensure the optimal path through specified start and end points. This
part is considered in the works of Murzabekov et al.'”

3. Statement Problems of Optimal Stabilization

We consider the optimal control task for a class of nonlinear systems with coefficients
that depend on the state of the object. The problem of transferring a nonlinear
system from a given initial state (k{, kY, k3) to the desired state (k§, k$, k3) for a time
interval [tg, 00) is considered. The equilibrium state of the system is chosen as the
desired final state (k§, kY, k5) as (5).

The values of the assets in the state k7, (¢ = 0,1,2) in the equilibrium state de-
pend on the controls (sg, s1, S, 0y, 01, 605), for which the values (s, s{, s3,0{,07,605),
were determined in the work Murzabekov.'®

The mathematical model of the control object is written in the form of a system of
differential equations in vector form

y(t) = Ay(t) + BD(y)u(t) + B(D(y) — D(K))v* y(to) = o, € [ty,00), (12)
using the following notation:
yi =k — ki, ya=ky—k3 y3=ko— ki,
up =8 — 1, Uy =801/0p — vy, uy=s00,/6) —v3,
vi=sh, vi=s301/05 i = si0i/05,
fity) = (i + kD filye) = (2 +k3), fiys) = (y3 + ko)™,
Ak® + BD(k*)v* =0,

“A 0 0 b, 0 0
A= 0 -x o], B=|0 b o],
0 0 -\ 0 0 b
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(yr + k)™ 0 0
D(y) = 0 (y1 + k™ 0 ,
0 0 (yy + k7)™
(kD™ 0 0
D(k*) = 0 (k) 0 |,
0 0 (kD™

where y = (y;,¥s,y3)" stands for the state vector of the object, u = (uy,uy, us)*
stands for the control vector. The components of the control vector u = (uy, uy, u3)*
satisfy two-sided constraints of the following form:

u(t) € U(t) = {uly1(t) S u(t) < va(t), telty,o0), 71,72 € Cltg,00)}.  (13)

We assume that the system (12) is controllable. The matrices A, B satisfy
the controllability condition, that is, the condition rang|B, AB,..., A" 1B] is
satisfied. Denote by A(t;) the set of all admissible controls satisfying the
condition wu(t) € U(t),t € [ty,00), and the corresponding trajectories y(t,u) of
system (12).

Let a functional be defined on the set A(t,), which depends on the control and
state of the object

T = 5 [ O + (DGO + (D) = DE)) RDG)u()
+(Dly) — D))} dr, (14)

where @ is a positive semidefinite matrix, and R, D(y) are positive definite matrices.

Task is set. It is required to find a stabilizing control u(y, t) that satisfies the two-
sided constraints (13) and takes the system (12) from the given initial state y(t,) =
Yo to the desired equilibrium state y(co) = 0 for the time interval [t;,o0), while
minimizing the functional (14).

For the optimal control task (12)—(14), a control u(y,t) is searched for the
equilibrium position in the closed system to be asymptotically stable in the Lyapunov
sense and to construct a criterion such that the control constructed has some opti-
mality. For this we used a method based on the use of Lagrange multipliers of a
special form (Aipanov and Murzabekov'?).

3.1. Solution problems of optimal stabilization

To solve the problem, we add the system of differential equations (12) with the
factor A = Ky(t) to the expression for the functional (14), and also the following
expression:

MO = w(®)] + A2 (B)[u(t) — 72,



Vietnam J. Comp. Sci. Downloaded from www.worldscientific.com
by 90.143.18.192 on 05/08/20. Re-use and distribution is strictly not permitted, except for Open Access articles.

Problems of Optimal Control for a Class of Linear and Nonlinear Systems 7
where \;(t) > 0, \y(¢) > 0. As a result, we obtain the following functional:
L = [ {50 OQu0 + (D) + (D)~ DY) RO
+ (D(y) — D(k*))v*) + (Ky(t))" (Ay(t) + BD(y)u(t)

+ B(D(y) — D(E*))v* = i) + A1)y — u(®)] + As(8)[ult) — 72]} dt,

(15)
where K is a symmetric positive definite matrix.
We introduce the following functions:
1 ov

Mly,u,1) = 5 (HQu(t) + 5 (Dl)u(t) + (Dly) — D)) R(D(g)u(t)
3 (D) — DY) + (Kule)) (Agle) + BDGu)
+ B(D() — D)) + A (B — u(®)] + A3OR() —7). (17)

Then the following representation of the functional (15):
L) = Vionsto) + [ My, . 13)
ty

The desired control is determined from relation
D*(y)R(D(y)u(t) + (D(y) — D(k*)v") = =D"(y) B Ky(t) + A\ (t) — Ao(t),  (19)
where the matrix K is determined from the algebraic Riccati matrix equation
KA+ A*K — KBR'B'K +Q = 0. (20)

Here, the following notation is used:

M(y,t) = D(y)*RD(y) max{0,v; — w(y,t)} > 0,

A2(y,t) = D(y)* RD(y) max{0, w(y,t) — 72} > 0,

w(y,t) = =D~'(y)(D(y) — D(k*))v° — D~ (y) R B* Ky(t), (21)

A =A-BR'B*K, B,=BR'B*
o(y.t) = D Hy) R D) A (y, 1) = Aoy, 1)].

We note that the choice of the factors A(t) >0 Xy(¢t) >0 of the form (21)
ensures that the conditions for complementary slackness

M@y —u(®)] =0, Ap(B)[u(t) =] =0

Suppose that there exists a solution of Eq. (20), then the differential equation
defining the law of motion of the system can be represented in the following form:

§(t) = Ayy(t) + BD(y)p(y, 1), y(to) = yo- (22)
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The results established for the problem of optimal control are formulated in the
form of the following assertion.

Theorem 3.1. Let QQ be a positive semidefinite matriz, and R, D(y) be positive
definite matrices in the interval [ty,00). Suppose that the system (12) is completely
controllable at time t,. Then for the optimality of the pair (y(t),u(t)) in the
task (12)—(14), it suffices to satisfy the following conditions:

(1) the trajectory y(t) satisfies the differential equation

§(t) = Awy(t) + BD(y)e(y, 1), y(to) = yo; (23)
(2) the control u(t) is defined as follows:
u(y,t) = w(y, 1) + ¢(y, 1) (24)

The matrix K is determined from the algebraic Riccati matrix equation (20), the
vector-function ¢(y,t) is defined by formula (21) in such a way as to ensure the
fulfillment of constraints on control (13).

3.2. Algorithm of solving the task of optimal stabilization

We describe an algorithm for solving the optimal control task (12)—(14), convenient
for realization on a PC.

(1) Integrate the system of differential equations (20) to determine the K in the
interval [tg, 00).

(2) Integrate the system of differential equations (23) in the interval [ty, c0) under
the initial conditions y(t;) = yy. In the process of integrating the system (23) into
print, it is necessary to plot the optimal trajectory y(¢) and the optimal control
u(t).

(3) Let the state of the system y(¢) and the optimal control u(t) be found, then,

fz(yz) :(yl—’_kf)az (1207172)7
1—u;—v]
Bibyfi(y1) + Baba fo(ys) U,ZL,,;l (25)

1—uy—v?$ 1—u)—v?
(1 = Bo)bo f5(ys) u3+v§1 + B2ba fo (1) Loy

ensure that condition (4) is satisfied;

sp=u+vi, s=(1-0v)(1-s1), so=0(1-s) (26)
ensure the fulfillment of condition (2);
1 1-— 1—3s¢)0 1-— 0
e L (1= o) 581) =, 90=U<751)51 (27)
L+ uz+v3 + uyFv} Uy + vy uz + vy

ensure that condition (3) is satisfied.

Numerical calculations were performed on a computer with the following values of
the parameters (Table 1).
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3.3. Numerical calculations

Example. Numerical calculations were made on a computer at the values of the
parameters of the economic model of the cluster, which are given in Table 1.

The optimal control task is solved for the values of the initial state of the system
y(ty), which are given in the following form (28), where ¢, = 0:

y(ty) = (=700, —300, 300)*, (28)

and the matrices ), R, K have the form

16-10% 0 0
Q= 0 8-10* 0 ,
0 0 8-10*
200 0 0
R=| 0o 200 o [,
0 0 200
0.020 - 102 0 0
K= 0 0.0013 - 102 0
0 0 0.0013 - 102

The results of the system state calculations are shown in Fig. 1. It can be seen
from Fig. 2 that the optimal controls do not exceed the limits of the region U
determined by the constraints.

For the example under consideration, these restrictions have the form

—0.3476 < u; < 0.4524, —0.1024 < uy < 0.6976, —0.0794 < uy < 0.7205. (29)

Here, the control components lies on the inside of the boundary area. The optimal
values of the system states at the final time instant for 7' = 100: y;(T) = —0.0112;
yo(T) = —0.0284; y3(T) = —0.0284, and the optimal values of the controls at the
final time instant for 7'=100: u,(T) = —0.3118 - 104 uy(T) = —0.5244 - 10~ %;
ug(T) = —0.5126 - 10,

Using the formulas (25)—(27), the optimal distribution of labor (6,(t), 6,(t), 0(¢))
and investment (sq(t), s1(t), s9(t)) resources is determined. Figures 3 and 4 shows
the resource changes that satisfy the balance ratios (2)—(4). Significant investment

Table 1. Parameter values for a three-sector cluster economic
model.

i Q; Bi Ai b; 57 07 ki

0 046 039 0.05 6.19 02763 0.3944 966.4430
1 068 029 005 135 04476 0.2562 2410.1455
2 049 052 005 271 02761 0.3494 1090.1238




Vietnam J. Comp. Sci. Downloaded from www.worldscientific.com
by 90.143.18.192 on 05/08/20. Re-use and distribution is strictly not permitted, except for Open Access articles.

10  Z. Murzabekov et al.

2004

=200 4

-400 1

-600

¥yl ——y2 = = y3]

Fig. 1. Graphs of optimal trajectories y(t).

(so(t), s1(t), s2(t)) and labor resources (6y(t),6,(t),62(t)) tend to T = 100 a steady
state, with an estimate of approximation |s;(T) — s5| = 0.3118 - 10~%; |s9(T) — s3| =
0.8870 - 104 |sy(T) — 55| = 0.120 - 1073; [0, (T) — 03] = 0.9436 - 10-%; |6o(T) — 03] =
0.3460 - 10~ |6,(T) — 03] = 0.4404 - 10*.
0.201
0.15-

0.10 1

0.054

60 80 100
il time)

ul ——u2 —-— u3]

Fig. 2. Graphs of optimal controls u(t).
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Graphs of the optimal distribution of investment resources.
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Fig. 4. Graphs of the optimal distribution of labor resources.
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4. Solving a Problem with Limited Control

The mathematical model of the control object is written in the form of a system of
differential equations in vector form

§(t) = Ay(t) + BD(y)u(t) + B(D(y) — D(k*))v"  y(to) = yo, t € [to,T],  (30)

using the following notation for Sec. 3.
The components of the control vector u = (u;,us,us)* satisfy two-sided con-
straints of the following form:

u(t) € U(t) = {uln(t) Su(t) <v2(t), te€to,T], 71,72 € Clto, T} (31)

Let a functional be defined on the set A(ty,T'), which depends on the control and
state of the object

J(u) = % t {y"(®QWy(t) + (u(t) + (E = D7 (y) D(k*))v*)" R(uf(t)

+(E = D™ (y)D(k*)v*)} dt + %y (T)Fy(T), (32)

where Q(y) = KBD(y)R~'D*(y)B*K — KBD(k*)R~'D*(k*)B*K + Q) is a positive
semidefinite matrix, and R, F', D(y) are positive definite matrices.

Task is set. It is required to find a synthesizing control u(y,t) that satisfies the
two-sided constraints (31) and takes the system (30) from the given initial state
y(ty) = Yo to the desired equilibrium state y(7') = 0 for the time interval [ty, T'], while
minimizing the functional (32).

To solve the problem, we add to the expression for functional (32) a system
of differential equations (30) with a factor A = Ky + ¢(t), as well as the following
expression:

Aty = w(®)] + As[u(t) = v2] + Azly(t) — W(t, T)q(t)], (33)
where A (t) > 0, Ay (¢) > 0. As a result, we obtain the following functional:
L) = [ {5 0@ute) + 5 (ute) + (B~ D)D) Blutt)

+ (B = DN (y)D(k*)v*) + (Ky + q(t))"(Ay(t) + BD(y)u(t)
+ B(D(y) — D(E)W — ) + A1) [y — u®)] + A2 () [u(t) — 7]

X0 - W (o]t + 5 (DFUD) (34)

where ¢(t) — vector of dimension (n x 1); K — symmetric positive definite matrix
of dimension (n x n).

For the problem under consideration, the principle of liberation from connections
is as follows: the initial OCP with constraints reduces to another problem, but
without restrictions. Wherein, a new problem is formulated so that its solution would
be a solution to the original problem (Murzabekov’!).
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We introduce in consideration the following functions:

1 ov
V(y,t) =§y*Ky+y*Q(t), By Ky +q(t), (35)

Mly,u,t) = S/ (DQ)(E) + 5 (u(t) + (B — D' () D(k))or)* Rlu(t)
— (B~ D ) DO)) + (Ky -+ g(6))* (Ay() + BD()u(?)
+ B(D(y) ~ D) +5d(0) + A () — u(t)
FASOI() ] + A u(e) ~ Wt T)a(t)]. (36)

Then it’s rightly to the following representation of functional (34):

T
L(u,y) = V(yo, to) + | M(y,u,t)dt = V(y(T),T) + %y*(T)Fy(T) (37)

to
The desired control is determined from the ratio
R(u(t) + (E = D' (y) D(k*))v*) = =D*(y) B*(Ky + q(t)) + (A — Xa), (38)

where the matrices are K, W(t,T) and vector ¢(t) satisfies the differential equations
in the interval ¢ € [t, T

KA+ A'K — KBD(K)R™'B*D*(k*) K + Q, = 0, (39)
W (t) = W(t)Ai(y) + Ai(y)W(t) = Bi(y), W(T,T) = (F - K)™", (40)
q(t) = —Ai(y)a(t) + W, T)BD(y)e(y, 1), o(T) = (F — K)y(t). (41)

Here, the following notation is used:

A1y, 1) = Rmax{0,7; —w(y,t)} >0,
Aa(y, 1) = Rmax{0,w(y,t) — 72} = 0,
w(y,t) = —(E = D ' (y)D(k*))v* — R (t) B*(Ky + q(t)), (42)
Ai(y) = A—Bi(y)K, Bi(y) =BD(y)R™'(t)D*(y)B",
) =

o(y,t) = RN (y,t) — Aa(y, )]

Let there exist solutions of Eqgs. (39) and (40), then the differential equations that
determine the law of motion of the system can be represented in the following form:

§(t) = Ai(y)y(t) - BD(y)R™'D*(y) B q(t) + BD(y)e(y, 1), y(to) = w0 (43)
Note that the initial condition for differential equation (41) is determined from

the following relation:
y(t) = W(t, T)q(t), te lt,T]. (44)

The results established for the OCP (30)—(32) we are formulated as the following
statement.
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Theorem 4.1. Let Q(y) be a positive semidefinite matriz, and R, F', D(y) positively
definite matrices in the interval [ty, T|; the matriz Wy = W (ty,T) is positive definite.
Assume that system (30) is completely controllable at the moment of time ty. Then for
the optimality of the pair (y(t),u(t)) in the task (30)—(32), it suffices to satisfy the
following conditions:

(1) the trajectory y(t) satisfies the differential equation

§(t) = Ai(y)y(t) — BD(y)R™'D*(y)B"q(t) + BD(y)¢(y, ), y(to) = yo- (45)

(2) the control u(t) is defined as follows:
u(y,t) = —(E = D™ (y) D(k*))v, — R™'D*(y) B* (Ky + q(t)) + ¢(y,).  (46)
Matrices K, W (t,T) satisfies the differential equations (39) and (40), the function

q(t) satisfies differential equation (41), the vector-function ¢(y,t) is defined by for-
mula (42) in such a way as to ensure the fulfillment of constraints on control (46).

4.1. The algorithm for solving the problem

We describe an algorithm for solving the optimal control task (30)—(32), convenient
for realization on a PC.

(1) Integrate the system of differential equations (39) and (40) to determine the K
and W (ty,T) in the interval [ty, T] with the condition W(T,T) = (F — K)'.

(2) Set the conditions y(ty) = vy, and calculate q(ty) = W=L(ty, T)y(t).

(3) Integrate the system of differential equations (43), (41) in the interval [tg, T
under the initial conditions y(ty) = yy, q(tq) = W1(ty, T)y(ty). In the process of
integrating the system (43) and (41) into print, it is necessary to plot the optimal
trajectory y(t) and the optimal control u(t).

(4) Let the state of the system y(¢) and the optimal control u(t) be found, then,

fi(yi) = (yl+k.ls)a' (22071a2)7
Bibyfi(yn) + Baba fly) St (47)

S

1—u;—v 1—u;—v?
(1= Bo)bofs(y3) ﬁ + Bobs fo(12) ﬁuzl

ensure that condition (4) is satisfied;
sp=u;+vi, ss=(1-0v)(1-s1), sg=v(1—-s;) (48)
ensure the fulfillment of condition (2);

1 6, (1—v)(1—s1)0, = v(l —s1)0; s

S0 Sy s s
L+ uz v} + Uy Uy + v, Uz +vg

61:

ensure that condition (3) is satisfied.

Numerical calculations were performed on a computer with the following values of
the parameters (Table 1).
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4.2. Numerical calculations to determine the optimal distribution
of labor and investment resources

Example. Numerical calculations were made on a computer at the values of the
parameters of the economic model of the cluster, which are given in Table 1.

The optimal control task is solved for the values of the initial state of the system
y(ty), which are given in the following form (30), where ¢, = 0:

y(ty) = (=700, —300, 300)*, (50)
and the matrices @), R, K have the form
16-10~* 0 0
Q= 0 8-1074 0 ,
0 0 8-1074
200 0 0
R= 0 200 0 |,
0 0 200
0.020 - 102 0 0
K= 0 0.0013 - 1072 0
0 0 0.0013 - 1072

The results of the system state calculations are shown in Fig. 5. It can be seen
from Fig. 6 that the optimal controls do not exceed the limits of the region U
determined by the constraints.

\.
\9
200 N
-~
b
~
‘\'.
\-i___
D T T 1
10 15 20
1 thne)
-200
s
-100
-600
yl ——vy2 —-—y3|

Fig. 5. Graphs of optimal trajectories y(t).
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0.4+

0.14

ul ——u2 == uj

Fig. 6. Graphs of optimal controls u(t).

For the example under consideration, these restrictions have the form

—0.3476 < uy <0.4524, —0.1024 < uy < 0.6976, —0.0794 < uz < 0.7205. (51)

Here, the control components w, (t) and u3(t) lie on the boundary of the region U
in the time interval [0,¢;] and [0, 5], respectively, then for ¢t € [¢;,T], t € [ty,T] go

0.9+
0.8
0.7
0.6

0.5

044

——

i tine)

s] ——s2

=

Fig. 7. Graphs of the optimal distribution of investment resources.
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Fig. 8. Graphs of the optimal distribution of labor resources.

into the interior of the U domain. The control switching occurs at time t; = 1.523 for
the component u,(t), and for us(t) at t, = 8.551.

The optimal values of the system states at the final time instant for 7 = 20:
g (T) = —0.7320 - 104 4y(T) = —0.2734-10"2; y4(T) = 0.3146 - 10*, and the
optimal values of the controls at the final time instant for 7T = 20:
uy (T) = 6.5260 - 10775 uy(T') = 0.2432 - 1074 ug(T) = —0.2798 - 1074,

Using the formulas (36)—(38), the optimal distribution of labor (6y(t), 8, (t), 05(t))
and investment (sy(t), s1(t), s9(t)) resources is determined. Figures 7 and 8 shows
the resource changes that satisfy the balance ratios (2)—(4). Significant investment
(so(t), s1(t), s5(t)) and labor resources (6y(t),0;(t),0(t)) tend to T = 20 a steady
state, with an estimate of approximation |s(T) — s5| = 0.6526 - 1076; |so(T) — 85| =
0.3445 - 1073; |so(T) — s3] = 0.3451 - 10-3; 0,(T) — 05| = 0.1014 - 10-%; |0(T) —
03] = 0.1730 - 10-3; |,(T) — 85| = 0.7163 - 104,

5. Conclusion

A new approach to the definition of synthesizing control based on the feedback
principle is proposed. In Sec. 3, an algorithm for solving the optimal stabilization
problem is developed and a nonlinear control is found using the matrix Riccati
equation. In Sec. 4, a nonlinear synthesizing control is defined that brings the dy-
namic system to the required state in a finite time in the presence of control
restrictions. The problems were solved using Lagrange multipliers depending on
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phase coordinates and time. Optimal controls are constructed on the basis of the
feedback principle, and then control parameters (47)—(49) are selected.

The results obtained for nonlinear systems are used in the construction of control

parameters for a mathematical model of a three-sector economic cluster. For this
example, the optimal distribution of labor and investment resources that satisfy the
balance ratios was determined. Figures 1-8 show the optimal trajectories and con-
trols that satisfy the given constraints. The given example illustrates the use of the
proposed method for controlling a nonlinear system.
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